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Disclaimer: These notes are intended to be an accessible introduction to the subject, with no pretense at com-
pleteness. In general, you can find more thorough discussions in Oppenheim’s book. Please let me know if

you find any typos.
Reading suggestions: Oppenheim and Schafer Sections 2.4-2.5

In this lecture, we will begin our discussion of linear systems by defining some basic categories
of systems. We will spend much of our discussion on linear, time-invariant (LTI) systems, convo-
lution and the impulse response. Our development will mirror that of the text, with some minor
differences in notation.

1 Discrete-Time Systems

A discrete time system takes as its input a discrete time signal x[n], and outputs another discrete
time signal y[n]. We often write this as!

y="T{z}. (1.1)

This is an extremely general abstract model. It is flexible enough to model propagation of a signal of
interest through a medium (think, acoustics in the room, RF communications, optical microscopy),
propagation of disturbances through a medium (think, seismic activity through the earth’s crust,
or vibrations from passing cars a bridge), or systems that we design and implement ourselves to
achieve some desired effect (think, amplification, noise cancellation, equalization). Depending on
the application, there are several different types of problems that we might wish to solve:

IThe text uses the notation y[n] = 7 {xz[n]}. The simpler notation in (1.1) emphasizes that the system 7 acts on the
signal = as a whole to produce the output y as a whole. In the classical (and widely used) notation adopted by the textbook,
there is an ambiguity in the expression “z[n|” — depending on context it could mean either the whole sequence, or just the

L

particular value at time n. Writing “2” when we mean the whole signal avoids this ambiguity.



e Design: Choose 7 that implements (or approximates) some desired input-output relation-
ship, subject to resource constraints. Here, resources could include hardware, computation
time, energy, memory, data, etc.

o Identification: If 7 represents some physical system, it may not be known ahead of time. The
system identification problem asks us to determine 7 from input-output pairs (z1,41), . . ., (z~, yn).

e Inversion: Given 7 and y, determine x. This problem is important for applications in sensing,
medical and scientific imaging, etc., where 7 either represents some degradation (blur, optical
abberation) or the effect of the sensor itself, and our goal is to determine what physical signal
x has been observed.

The general philosophy in classical signal processing is to identify classes of systems with common
mathematical properties and develop tools and insights for these mathematical models. Ideally, this
gives a framework for thinking clearly about basic issues (is the system stable? when can I identify
the system?) while also being flexible enough to incorporate application-specific structure.

We will begin by discussing a few model discrete time systems, which are far simpler than the
application examples described above, but which will serve as useful examples for illustrating basic
properties such as stability and causality.

The ideal delay. The ideal delay Dy, simply shifts the signal to the right by k samples:
y[n] = xz[n — k], vn. (1.2)

Here, k € Z is an integer. If k is positive, then we produce y by shifting = to the right — the value
that would have appeared at time n now appears at time n + k. If k is negative, we produce y by
shifting « to the left. We can write the ideal delay in operator notation as

y = Dyz. (1.3)
The moving average. The moving average sets y[n| to be the average of = over a window spanning

fromn —mton+ M:

1 m

yln] = mk;Mx[n—k]. (14)

The accumulator. The accumulator sets y[n] to be the summation (the accumulation!) of all of the
samples z[n'] up to time n' =n: y[n] =Y ;_ __ x[k].

2 Properties of Systems

We will define several useful categories of systems.



Memoryless systems. A system is memoryless if the n-th sample y[n] of the output depends only
on the n-th sample z[n] of the input. More formally:

Definition 2.1 (Memoryless system). The system y = T {x} is memoryless if for each n € Z, there
exists a function f,, : C — C such that

yln] = fulz[n]). (2.1)
For example, the system defined by the relationship

y[n] = exp(z[n]) (2:2)

is memoryless.

Causal systems. Informally speaking, a system is causal if the output at time n only depends on
the input z[n] at times n’ < n. If we want to make this a little more formal, we can let S,, denote the
collection of complex-valued sequences w[n'] that are defined over the integers n’ < n —an element
of S, is a sequence {...,w[n — 2],w[n — 1], w[n]}. The system is causal if there exist functions g, :
S,, — C, such that for each n,

yl) = gu ({aln') | ' < n}). (23)

That is to say, the output depends only on the past and present values of the input, not on the future!
This is clearly a useful property if we want to process signals in “real time” — that is to say, as they
are generated.

Consider the forward difference: y[n] = x[n + 1] — x[n]. Is it causal? What about the backward difference
y[n] = z[n] — z[n — 1]? The accumulator? Is a general memoryless system causal?

Stable systems. Informally, a system is stable if its output does not “blow up” when the input is
bounded in an appropriate sense. There are many useful ways of formalizing this desirable prop-
erty. We will mostly work with the notion of bounded input bounded output (BIBO) stability. We say
that a signal « is bounded if there exists some B € R such that

iz[n]] < B, VneZ (2.4)

In this definition, the bound B can depend on z, but cannot depend on the time n. So B provides a
uniform bound on the size of the entries of , which holds over all times n.

Definition 2.2 (BIBO stability). A systemy = T {x} is bounded input bounded output (BIBO) stable
if for every bounded x, y = T {x} is also bounded.

For a BIBO system, whenever the input is bounded (there exists a B such that |z[n]| < BVn),
the output is bounded (there exists a B’ such that |y[n]| < B’V n). To reiterate, the bound B’ on the
size of the output y can (and usually does) depend on the input z, but cannot depend on time n.

To check that a system is BIBO stable, we need to prove that this property holds for every input «,
while to show that it is unstable, we just need to demonstrate one “bad” input « which is bounded,
but creates an unbounded output.

Is the forward difference y[n] = x[n+1]—x[n] BIBO stable? What about the accumulator y[n] = > x[4]?

1=—00



Linear systems. Linear systems are those which satisfy the principle of superposition — if we input
a linear combination of signals x; and x2, the system outputs the same linear combination of the
corresponding outputs y; = 7 {z1} and yo = T {z2}. More formally:

Definition 2.3 (Linear system). A system y = T {x} is linear if for any signals x1, xo and scalars a, B €
C
THaxy + o} = T {z1} + BT {22} . (25)

It is sometimes helpful conceptually to consider separately the effect of superimposing the sig-
nals z; and z; and the effect of multiplying by a scalar a. Please convince yourself that the system
y = T {z} is linear if and only if the following two conditions both hold:

Superposition  V xj, x9, TH{xr +ao} =T {x1} + T {22} (2.6)
Homogeneity Vz, a €C, T{az} =aT {z}. (2.7)

For example, consider the accumulator

ylnl = Y alk]. (2.8)

k=—o0

Is this a linear system? We can simply check the definition. Let

y1 =T {1}, y2 =T {z2}, (29)
SO
nln] = D xfk] (2.10)
k=—o00
y2[n] = Z xa[k] (2.11)
k=—o0
Lety = T {ax1 + Bxz2}. Then
yln] = Y (azy + Baz)[K] (212)
k=—oc0
= Y amlk]+ ualH (213)
k=—o00
= a Y mk]+8 ) wolk] (2.14)
k=—oc0 k=—o00
= ayin] + Byn], (2.15)

and so the system is indeed linear.

To show that a system is nonlinear, we just need to show one example input for which the def-
inition does not hold. For example, consider the memoryless system defined by y[n] = (x[n])%.
It should be fairly intuitive that this system is nonlinear — it involves a square! To prove that it is
nonlinear, take (for example) x1[n] = d[n] and z3[n] = §[n|, and verify that the property fails.



Time invariant systems. Time invariant systems are those that satisfy the following very natural
property: if we delay the input = by k samples, the output y is delayed by k samples.
So,if T {z} =y, and
Z[n] = z[n — kl, (2.16)
then T {z} = g, where
gln] = yln — k. (2.17)

This can be stated tersely as follows:

Definition 2.4 (Time invariance). A system T is time-invariant if for every integer k € Z and every
signal x,
T {Drx} =Dy T {a}. (2.18)

For example, we can check that the accumulator is time invariant. Set

y[n] = Z x[d], (2.19)
and
Z[n] = z[n — KJ. (2.20)

Let g be the output of the accumulator, applied to input z. Then

dinl = al

n

= Z x[i — k]

i=—00

= y[n—k, (2.21)

as desired.
On the other hand, to show that a system is not time invariant, it suffices to check that the defi-
nition fails for some specific input. For example, consider the system? defined by

y[n] = x[2n]. (2.22)
Note that y[—1] = z[—2]. Consider an input sequence x for which z[—2] # z[—1]. Let
Z[n] = z[n — 1] (2.23)

be a version of x that is shifted one sample to the right. If we apply the system to Z, we obtain

ylo] = z[0]
= xz[-1]
# y[-1]. (2.24)

2Sometimes called a compressor or downsampler.



3 Linear Time Invariant Systems

A system y = T {z} is linear, time-invariant (LTI) if it is both linear and time-invariant. This class
of systems is broad enough to contain many useful operations and to be capable of modeling or
approximating many physical systems arising in applications. It is also very well-structured for
analysis and computation.

To see why, let us recall the representation of an arbitrary signal z:[n] as a superposition of shifted

unit impulses d[n — k]

z[n] = Z x[k]d[n — K. (3.1)

k=—o0

This gives an expression for the n-th sample of z. We can rewrite this in slightly different notation
as

o0

=Y alk] Did. (3.2)

k=—o00

This expresses the signal = (as a whole) as a superposition of shifted impulses Dy, with coefficients
given by the values x[k] of the signal z itself.
Let h[n] denote the response of the system to a unit impulse §[n]:

h=T{s}. (3.3)

Using linearity and time-invariance, we can write the response to an arbitrary input z as

T{ i <[k] Dké}

k=—oc0

T {x}

o

Z x[k] T {Dy0} (by linearity)

k=—o0

- Z z[k] Dy T {6} (by time invariance)
k=—o0

= > z[k] Dyh. (34)

k=—o00

Since (Dyh)[n] = hjn — k], if y = T {x}, then

yln] = > x[klhin - k]. (3.5)

k=—o00
This summation is called a convolution sum. We say that y is the convolution of x and h, and write

this
y=2xxh. (3.6)



The * notation means that the sequences y and h are related by (3.5). To evaluate x * h at the n-th
sample, we simply use this definition:

yln] = (z+h)ln]

o

= ) alklhln— k). (37)

k=—o0

The sequence h = T {4} is called the impulse response of the system. From (3.5), the impulse response
hin] completely characterizes the system.

4 Properties of Discrete Convolution

The most important result thus far is the characterization of linear time invariant (LTI) systems in
terms of their impulse response: every LTI system can be implemented as a convolution of the input
x with the system’s impulse response h. We next show how we can study the properties of a system
through its impulse response. We establish a few natural properties of the convolution sum

o0

yln] = Z x[k)h[n — K. (4.1)

k=—o00

Commutativity. The commutative property says that the order of  and h in the convolution sum
does not matter:

Proposition 4.1. Convolution is commutative: for every x, h,
rxh=hxz (4.2)

Proof. We need to show that for every n, (z * h)[n] = (h * z)[n]. We just calculate

(@xh)n] = > zklhn— k]
k=—oc0
= Z x[n — i|hli] (seti=n—k)
= Z hlilz[n — ]
= (hx*x)n]. (4.3)
This establishes the result. O

This means that a system with impulse response h applied to input x produces exactly the same output as a
system with impulse response x applied to input h.



Linearity.
Proposition 4.2. Convolution is linear in h: for every x, hi, ho, a, f € C,
x x (ahy + Bhe) = a(z * hy) + B(x x hs). (44)

Proof. Again, we simply calculate:

{zx (ahy+ Bho)yn] = ) alkl(ah[n — k] + Bhaln — K])
k=—oc0
= aZx Jhiln —k —1—52 klha[n — k
k=—o00 k=—o00
= afx*hy)[n]+ B8(z * ha)[n]. (4.5)
O
This immediately implies that convolution is also linear in  (convince yourself of this):

(oxq + Bx2) * h = a(zy * h) + B(xg * h). (4.6)

It also gives a way of simplifying systems: a system which sums the outputs of two LTI systems with
impulse responses hy and hy is completely equivalent to a single LTI system with impulse response h = hq+hs.

Associativity.

Proposition 4.3. Convolution is associative:

(% hy) xhe = x x (hy x h). (4.7)
Proof.
{(x*hy1)*xha}[n] = Z (x * hy)[k]ha[n — K]
k=—o0
= Z ( Z J;[i}hﬂk—i]) ha[n — k]
k=—oco0 \i=—00
= Y alil Y hlk—idlha[n — k]
1=—00 k=—o0
= i xi Z hilk'|ha[n — i — K] (setk' =k —1)
i=—00 k/'=—oc0
= Z z[i](hy * ha)[n — 1]. (4.8)
O

This means that if we concatenate two LTI systems with impulse responses hy and hs, the concatenation
produces the same output as single equivalent system with impulse response h = hy * hs.



5 Stability of LTI systems

Recall that a system is Bounded Input Bounded Output (BIBO) stable if every bounded «z (i.e., x for
which there exists B, such that |z[n]| < B, for every n) produces a bounded output y (i.e., a y for
which there exists B, such that |y[n]| < B, for every n). There is a very clean characterization of
stable LTI systems in terms of the impulse response:

Theorem 5.1. A linear, time-invariant system is bounded input bounded output stable if and only if its
impulse response h is absolute summable:

> |h[k]| < +oo. (5.1)
k=—o0

A notation: The summation Y - ___ |h[k]| above is often written as ||h||,.. The condition can be stated
as ||h|| ;< +oo.

Proof. We first show that whenever ), |h[k]| < 400, the system is stable. Consider an arbitrary
bounded input z, for which

iz[n]| < B.,  Vn. (5.2)
Write
i)l = | D alklhln -]
k=—oc0
< Y lz[KAln — &)
k=—o0
= > lzlkl|kln — K]
k=—o0
k=—oc0
= BﬂEHh”El
< o0 (5.3)

Since y[n| < B, ||h]|,x for every n, the output y is bounded, and the system is BIBO stable.

Now, suppose that ||| ,, = >, |h[k]| = +00. We prove that the system is not BIBO stable. To
show this, it is enough to demonstrate one bounded input « which produces an unbounded output.
For this purpose, take
_ h=n]

[h[=n]]

Notice that |z[n]| < 1 for every n, and so z is indeed bounded. Let y denote the output of the system,

x[n] . (54)



applied to z. Then

ylo] = Y afklplo— K
k=—o00
o WK
= 2 R
—  |h[—k]?
> |h[[—k]1|
= > |nw)
k=—o00
= +o0. (5'5)

The output y is unbounded. Since there exists a bounded input = which produces an unbounded
output y, the system is not BIBO stable. This completes the proof. O

6 Causal LTI systems

It is also relatively straightforward to characterize the causal LTI systems in terms of their impulse
responses.

Theorem 6.1. A linear, time-invariant system is causal if and only if its impulse response h satisfies
hln] =0, Vn <0. (6.1)
Proof. Suppose that h satisfies (6.1). Then

[e e}

sl = > alkbln 4
k=—o0
= i x[k)h[n — k. (hln — k] = 0 when k > n) (6.2)
k=—oc0

So, y[n] is a function of {z[k] | k < n} only.

Conversely, if h[n] # 0 for some 72 < 0, we can generate two inputs 1 and o with z1[n] = z3[n]
for every n # —n, and z1[—n] # x2[—n]. Let y; and y» denote the outputs of the system with inputs
x1 and x respectively. Then

oo

nlo] = > wikr-k]
k=—o0
= > @2lkh[=k] + A[)(e: [~71] - x2[-7])
k=—o0
= y2[0] + A[n](z1[-n] — z2[-n])
# y2[0]. (63)

10



The inputs z; and x; agree for every n < 0, but produce different outputs at time n = 0. Hence, the
system is not causal. O

Inspired by this characterization of causal LTI systems, we sometimes say that a sequence h[n] is causal
if h[n] = 0 for every n < 0.

For each of the following model systems, what is the impulse response h? Is the system causal? Is it BIBO
stable? (i) The ideal delay, with delay k (ii) The moving average, with parameters M, and M, (iii) the
accumulator.

7 Finite and Infinite Impulse Response Systems

A system has finite impulse response if its impulse response h[n] is nonzero only for finitely many
times n. More precisely, write
support(h) = {n | hin] # 0} . (7.1)
A system with impulse response h has finite impulse response (FIR) if |support(h)| < +00.> We say
it has infinite impulse response (IIR) if |support(h)| = +o0.
The accumulator is an example of an IIR system. It is not stable. However, there exist IIR systems
that are stable — we just need the impulse response to decay quickly enough. For example, if

hln] = {gn Z i 8 (7.2)

thenif |a| < 1,

> Inlk]l

o0
> la*|
k=—o00 k=0
o0
= > laff
k=0
1
1—|af

< +oo, (7.3)

and the system is stable.

8 Correlation and Convolution

As a brief of addendum on our discussion of discrete convolution, we discuss correlation and its
relationship to convolution. To understand this clearly, we need the notion of an inner product
between complex signals.

3An equivalent definition is that k has finite impulse response if and only if there exist ny < ngo such that h[n] = 0 for all
n < ni and h[n] = 0 for all n > no.

11



Digression: inner products for complex vectors. For n-dimensional real valued vectors =,y € R",
the standard inner product (or dot product) is

(@) =D @i (8.1)

If we let

(8.2)

denote the length of a vector x, then you may recall that the inner product between « and y can be
written as (x,y) = |||,z ||yl ;2 cos §, where 6 is the angle between the vectors. Since |cosf| < 1 for
all 0, this implies that

(@, 9) < ||zl [yl (8.3)

a fact which is sometimes referred to as the Cauchy-Schwarz inequality. Moreover, we can compute
the length of a vector from its inner product with itself:

], = (@, z). (8.4)

It is useful to be able to define an inner product for complex vectors, which works in essentially
the same way. For a complex vector € C”, we can define its length as

(8.5)
We define the inner product between two complex vectors «,y € C" as
(@,y) =z} (8.6)
i=1

Note the conjugation of y;! This seemingly bizarre convention is important for making the inner
product work in ways that conform to our intuition. In particular, with this choice, it is always true

that (x, ) is real-valued, and that
]|z = v/ (2, ®). (87)

The definition (8.6) implies that the inner product is conjugate symmetric: reversing the order of =
and y is equivalent to taking the complex conjugate of the inner product:

(y.x) = (z,y)". (8.8)

This is a defining property of inner products in complex vector spaces. Our purpose here is not
to dwell on the mathematics of inner product spaces. However, the convention (8.6) is worth re-
membering — in particular, in the next lecture as we move into the Fourier domain, where it makes
expressions for Fourier transforms much easier to remember.

12



If we consider (as we have above), complex-valued sequences x[n] and y[n] instead of vectors x
and y, we can still make the same notation:

oo

(w,y) = > alkly*[k]. (89)

k=—o00

Notice that in (8.9), we have taken the complex conjugate of the sequence y. As above, this is essen-
tial to have a complex inner product that functions correctly. For the definition (8.9) to make sense,
z and y need to be “nice enough” that the infinite summation exists. A sufficient condition is that
these two sequences are square-summable:

oo oo

Z |z[k]|? < o0, Z ly[k]|*? < +oo. (8.10)

k=—o0 k=—o0

As with vectors, if we fix the energy ||z . = /> 1o [z[k][? and ||yl = \/Dore_ o |y[E][% the

inner product (z, y) will be largest when = and y are aligned. In fact, the inner product can be taken
as a measure of the similarity of two sequences.

Discrete correlation. The correlation of two discrete time signals x and y is defined as

oo

Tayn] = Z ¥ [klylk + n]. (8.11)

k=—oc0
That is to say, we translate y by n samples to the left, and then take the inner product with x:
Tay[n] = (D-ny, ). (8.12)

Correlation is useful for (very) basic signal detection tasks — the output r,, consists of the inner

product of z with shifted versions of the input y. Often, this value is large when the shifted version

of yis similar to z.* Correlation is also a basic tool for studying random signals and random processes.
Correlation can be implemented using convolution: let §[n] = y[—n]. Then

(@ gl-n] = > a[Kgl-n—k
k=—o0
= S 2 Hylk+)
k=—o0
—] (8.13)

So, to compute the correlation of two signals x and y, “just” conjugate z, reverse y, convolve them,
and then reverse the result.

4In the homework, you will have a chance to play with this, and see its limitations, and a few more practical variants!
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